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energy gapWe propose a new attractive interaction between pairs of holes that results in Cooper pairs and a linear
temperature dependence of the spin-energy gap derived from Fermi statistics. This interaction is a Lor-
entz force between two moving holes with equal velocity. This force is analogous to the attractive elec-
tromagnetic force between parallel current-carrying leads; local currents exist at a CuO2 surface.
Combining the spin-energy gap and the proposed attractive force, we derive a critical temperature equa-
tion that gives the dependence of critical temperature on doping. This equation contains electric charge,
coherence, Debye temperature, hole concentration, and forbidden band gap. It does not contain numer-
ical or ﬁtting parameters. By comparing the values obtained by this equation with experimental results,
we ﬁnd that the proposed theory agrees with the results for doping dependence. Furthermore, we use the
spin-energy gap to obtain results for the temperature dependence of critical current density.
 2013 The Author. Published by Elsevier B.V. Open access under CC BY license.1. Introduction
Many groups have contributed to research on superconductiv-
ity. Initially, the main focus was on low-temperature superconduc-
tivity, and by this process, the famous BCS theory was developed.
Although current research is primarily focused on high-tempera-
ture superconductivity, basic concepts such as Cooper pairs are still
studied. Currently, the mechanism of high-temperature supercon-
ductivity is also investigated. Understanding this mechanism is
important for condensed-matter physics and for applications of
high-temperature superconductors, such as superconducting mag-
nets, motors, and magnetic-ﬁeld separation.
Discussions in the literature primarily pertain to transitions
with respect to temperature, magnetic ﬁeld, and current (i.e., crit-
ical quantities) [1–3]. Quantum-ﬂux dynamics is currently being
discussed in relation to critical current and magnetic ﬁelds,
although reference [4] presents a different viewpoint.
A major feature of high-temperature superconductors is a force
that contributes to combining electron pairs. One of the consider-
ations is that, experimentally, this force seems to depend on carrierconcentration. Currently, two approaches are employed: the high-
doping Fermi-liquid approach [1,3] and the resonating valence
bond (RVB) model [5] in low-doping regimes.
In addition, the spin-energy gap affects the physics of these sys-
tems. Many theoretical and empirical studies imply that this en-
ergy gap is profoundly related to the mechanism of high-
temperature superconductivity [6].
In this study, we introduce the spin-energy gap via Fermi statis-
tics. We derive the critical temperature doping dependence and
compare it with experimental results. We employ a model that dif-
fers from the Fermi-liquid and RVB models. By employing this
technique, we can obtain the temperature dependence of critical
current density and compare it with experimental results. The sig-
niﬁcant contribution of this paper is that it describes high-temper-
ature superconductors using only a simple supposition.
First, we derive the temperature dependence of the spin-energy
gap. This is related to the fact that Cooper pairs are iteratively de-
stroyed and created at non-zero temperatures (i.e., the Fermi en-
ergy of holes is proportional to the spin-energy gap).
Next, we introduce the concept of a creation force for a Cooper
pair. We discuss this in terms of an attractive force acting between
a pair of parallel current-carrying leads (i.e., an electromagnetic
force). We then assume that the two current-carrying leads are
shortened to the wavelength of holes, which shows us that two
holes with the same velocity experience an attractive Lorentz force
between each other. Based on this concept, the superconducting
Fig. 2-1. Currents in same direction.
Fig. 2-2. Shorter leads with currents in same direction.
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attractive force concept, we derive a critical temperature equation.
This equation contains various parameters, such as coherence, hole
concentration, the forbidden band gap EG, and electric charge. By
comparing the values obtained by the equation with experimental
values, we ﬁnd that this equation effectively predicts the depen-
dence of critical temperature on carrier doping.
Finally, based on the derived spin-energy gap, we derive a tem-
perature-dependent critical current equation. The results of this
formula also agree with the experimental results.
2. Theory
2.1. Spin-energy gap derived from Fermi statistics
In this study, we consider a p-type material. At non-zero tem-
peratures, electron pairs iteratively form and destroy Cooper pairs,
which implies that the number of holes and the Fermi energy EF
vary. In p-type materials, larger EF values result in fewer holes. In-
stead, the number of Cooper pairs increases. We assume that the
energy gap jDj2 is proportional to both the Fermi energy and the
critical temperature:
jDj2 ¼ kBTcEF; ð1Þ
where kB and Tc denote the Boltzmann constant and the critical
temperature, respectively. From Fermi statistics, the Fermi energy
of n-type and p-type materials is
n : EF ¼ Ei þ kBT log 2NAni
 
; ð2-1Þ
p : EF ¼ Ei  kBT log 2NAni
 
: ð2-2Þ
Because most high-temperature superconductors have hole car-
riers, we employ the p-type Fermi energy. Thus, Eq. (1) becomes
jDj2 ¼ kBTc Ei  kBT log 2NAni
  
: ð3Þ
In the second term of this equation, two spin holes are consid-
ered, which explains the appearance of why the coefﬁcient 2.
In Eq. (3), the energy Ei is deﬁned as
2Ei ¼ kBTc: ð4Þ
This energy is the superconducting energy gap. In this study,
there are two energy gaps: one given by Eq. (1) and the other by
Eq. (4). We refer to the energy gap of Eq. (1) as the spin-energy gap.
From Eq. (4), we derive the following:
jDj2 ¼ kBTcEi 1 kB TEi log
2NA
ni
  
; ð5Þ
jDj2 ¼ 1
2
ðkBTcÞ2 1 2 TTc log
2NA
ni
  
: ð6Þ
Furthermore, the equation of state
PV ¼ 2NART ð7Þ
is used, where P, V, NA, R, and T denote the pressure, volume,
hole concentration, universal gas constant, and temperature,
respectively.
Thus, the spin-energy gap becomes
jDj2 ¼ 1
2
ðkBTcÞ2 1 2 1Tc
PV
R
1
2NA
log
2NA
ni
  
; ð8-1Þ
jXBj ¼ PV ; ð8-2Þwhere XB denotes the thermodynamic potential.
Thus, the spin-energy gap becomes
jDj2 ¼ 1
2
ðkBTcÞ2 1 2 1Tc
jXBj
R
1
2NA
log
2NA
ni
  
; ð9Þ2.2. Mechanism of attractive force and critical temperature
We consider two current-carrying leads that carry current in
the same direction, as indicated in Fig. 2-1. According to classical
electromagnetism, these leads exert an attractive force on each
other, which stems from the Lorentz force. We now consider short-
ening these leads, as indicated in Fig. 2-2. Despite this shortening,
the two leads still experience the attractive force; therefore, we as-
sume that, even when the length of the leads approaches the wave-
length of a carrier (i.e., a hole), the leads (i.e., the two holes)
experience the same attractive force, as indicated in Fig. 2-3.
Therefore, two holes that move at equal velocity exert an attrac-
tive force on each other, which implies that these holes form a
Cooper pair, as indicated in Fig. 2-4. This implies that a local cur-Fig. 2-3. Holes with same direction and equal velocity.
e+ 
Fig. 2-4. Center-of-mass motion of Cooper pair.
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[6].
The Lorentz force acting between the holes is expressed as
F0 ¼ qm1B2 sin h; ð10Þ
where q denotes the electric charge, and v1 and B2 denote the veloc-
ity of hole 1 and the magnetic ﬁeld of hole 2, respectively.
Assuming that the wave function is a plane wave and the mag-
netic ﬁeld generated by the moving holes is derived from a linear
current, the Lorentz force is given by
F0 ¼ q hk1m
l0k
2
2r
qbjwj2 hk2
m
sin h; ð11Þ
where m, k, k, r, W, and b denote the electron mass, wavelength,
wave number, distance between the two holes, wave function of a
hole, and a proportionality constant, respectively.
In the above equation, we use the probability density ﬂux as
current density. In this case, the same velocity implies the same
wave number. Thus,
k1 ¼ k2  k: ð12Þ
Furthermore, it is necessary to consider the angle u between
the vectors k1 and k2; thus, the initial Lorentz force becomes
F ¼ q2 hl0
m2
4p2
k2
jWj2k2 1
2r
sin h cos/
¼ 2q
2p2l0h
m2
jWj2 1
r
sin h cos/: ð13Þ
To this force, we apply
~F ¼ ru; ð14Þ
which gives
u ¼ 2q
2p2l0h
m2
bjWj2 log r sin h cosuþ u0; u0 6 0: ð15Þ
In the above equation, u0 is a constant obtained as integral
constant.
Here r is assumed to be constant (i.e., r = n, where n is the Coo-
per-pair coherence).
u ¼ 2q
2p2l0h
m2
bjWj2 log n sin h cosuþ u0 ð16Þ
In the above equation, the constant a is
a ¼ 2q
2p2l0h
m2
log n sin h cos/: ð17Þ
Thus, the superconducting energy gap is expressed by Eq. (16).
In this equation, u is the combination energy (i.e., the superconduc-
ting energy gap):
u ¼ abjWj2 þ u0; ð18Þ
u ¼ Ei: ð19Þ
Because Eqs. (19) and (4) are equal,abjwj2 þ u0 ¼ 12 kBTc: ð20Þ
Eq. (20) implies that, because the energy u0 is deﬁned as a neg-
ative value, increasing the hole distribution |w|2 leads to the time
when the left side of Eq. (20) becomes zero. Considering this fact,
|u0| indicates the superconducting energy gap of a metal, and
over-doping results in zero critical temperature. Moreover, the
combination energy is proportional to the spin-energy gap; in
other words, the superconducting energy gap and spin-energy
gap are proportional to each other:
a0jDj ¼ u ¼ 1
2
kBTc: ð21Þ
From Eqs. (20) and (21), we derive the following:
a0jDj ¼ abjwj2 þ u0: ð22Þ
Eq. (22) implies that the proportionality constants a and a0 are
interdependent; thus, we assume
a0 ¼ ga:
The units of g are [1/J]; thus, the constant is g is
g ¼ 1
kBhD
; ð23Þ
where hD denotes the Debye temperature.
We square both sides of Eq. (21) to ﬁnd
ðkBTcÞ2
4a02
¼ jDj2; ð24Þ
which we combine with the spin-energy gap (9) to ﬁnd
ðkBTcÞ2
4ða02Þ ¼ ðkBTcÞ
2 1
2
 1
Tc
jXBj
R
1
2NA
log
2NA
ni
  
: ð25Þ
After rearranging this equation and neglecting the ﬁrst term,
the critical temperature equation is obtained:
Tc ¼ 4a02 jXBjR2NA log
2NA
ni
 
 Tcm; ð26-1Þ
where
a0 ¼ ga ¼  1
kBhD
a ¼  1
kBhD
2q2p2l0h
m2
log n sin h cos/: ð26-2Þ
The second term of Eq. (26-1) stems from an integral constant
u0 from Eq. (20). This is obtained when the hole concentration be-
comes inﬁnite, and the material indicates a metal. Thus, from the
BCS theory, considering the hole concentration (i.e., state density)
to be inﬁnite, Eq. (26-1) becomes
Tc ¼ 4a02 jXBjR2NA log
2NA
ni
 
 1:14hD: ð26-3Þ
To make this equation useful, we need to determine the ther-
modynamic potential |XB|.
At zero temperature, the following equation holds:
jXBj ¼ PV ¼ 25NEF0; ð27Þ
where EF0 and N denote the Fermi energy at zero temperature and
the number of particles, respectively.
At zero temperature, all holes form Cooper pairs, and complete
Bose–Einstein condensation is created (i.e., a particle state is pro-
duced). In other words, we consider that the state number is one,
which implies that the number of particles is also one.
jXBj ¼ PV ¼ 25 EF0 ð28Þ
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Tc ¼ 4 1kBhD
 2 2q2p2l0h
m2
log n sin h cosu
 2 2EF0
5R2NA
 log 2NA
ni
 
 1:14hD; ð29Þ
which leads to
2EF0 ¼ EG0; ð30Þ
where EG0 denotes the forbidden band gap at zero temperature.
Thus, the critical temperature equation is
Tc ¼ 4 1kBhD
 2 2q2p2l0h
m2
log n sin h cosu
 2 EG
5R2NA
 log 2NA
ni
 
 1:14hD: ð31Þ
Note that, in Eq. (15) for the superconducting energy gap, the
probability density function is interpreted as
jwj2 sin h cos/ ¼ jwj2 sin h sin /þ p
2
 
¼ 1
2
jwj2  cos hþ /þ p
2
 
þ cos h /þ p
2
 n o
;
ð32Þ
which shows that the gap is anisotropic [7,8].
Furthermore, we need to consider the lifetime of a Cooper pair.
In particular, the uncertainty relationship is considered.
DEDt  h ð33Þ
The superconducting energy gap consists of two energy levels:
higher and lower energy levels. The destruction of a Cooper pair
implies that the pair shifts from the lower to the higher energy le-
vel. Similarly, the creation of the Cooper pair implies the inverse;
the pair shifts from the higher to the lower energy level. That is,
the creation time of a pair is the same as the destruction time. In
Eq. (33), DE denotes the superconducting energy gap u, and Dt de-
notes the lifetime of a pair.
u ¼ Ei ¼ 12 kBTc ð34Þ
Assuming that the critical temperature is 90 K, the lifetime of
the Cooper pair can be approximated as
Dt  h
DE
¼ 2h
kBTc
 1:0 1012½s: ð35Þ
2.3. Order of hole concentration
In this section, we determine the order of the average hole con-
centration NA. Note that here we assume that
h ¼ p
2
; / ¼ 0: ð36Þ
In a two-dimensional CuO2 cell, we consider the optimum dop-
ing to be 0.16. Because each side of the cell is on the order 109 m,
the surface density is
r ¼ 0:16
ð109Þ2
½m2: ð37Þ
In general,
N
S
¼ r ð38Þ
therefore, considering two spin holes,NA ¼ rDx
  1
2
 
; ð39Þ
where Dx is an arbitrary constant.
Substituting Eq. (39) into Eq. (31) gives
Tc ¼ 4 1kBhD
 2 2q2p2l0h
m2
log n sin h cosu
 2 EGDx
5R2r
 log 2NA
ni
 
 1:14hD: ð40Þ
Considering two dimensions, Eq. (40) becomes
hTci2 ¼ 4
1
kBhD
 2 2q2p2l0h
m2
log n sin h cosu
 2 EG
5R2r
 log 2NA
ni
 
 1:14hD2½K=m: ð41Þ
As discussed above, we claim that, because the measurable crit-
ical temperature is generated in a two-dimensional sheet, this crit-
ical temperature in high-temperature superconductors has units of
K/m instead of K. This is one of the reasons why materials with
CuO2 sheets have high critical temperatures. If their carriers
evolved in three dimensions, the critical temperature would be-
come Tc (i.e., Eq. (40)) instead of hTci2 (i.e., Eq. (41)). In this case, be-
cause of the small Dx value, the critical temperature is not high.
Note that, with regard to Debye temperature, the value of the
two-dimensional sheet is equal to that of three-dimensional
material.
In summary, to exhibit high critical temperatures, materials
must have two-dimensional sheets. In addition, the lower the De-
bye temperature, the higher the critical temperature. This charac-
teristic contrasts with the BCS theory.
We now sum the critical temperature at each layer:
hTci2 ¼ 4
1
kBhD
 2 2q2p2l0h
m2
log n sin h cosu
 2 EGnq
5R2r
 log r
ni2
 
 1:14hD2; ð42Þ
where nq denotes the number of superconducting layers.
From Eqs. (37) and (39), we derive:
NA ¼ 0:16 1018=Dx½m3: ð43Þ
Considering that we employed the universal gas constant R, it is
necessary to change the unit of concentration:
NA ¼ 2:6 1010=Dx½mol=L; ð44Þ
where substituting 1 for Dx provides the density r.
To compare the theoretical results with the experimental ones,
we vary the hole concentration (i.e., the hole density) within the
above mentioned order. That is, the ratio ðni2r Þ will be varied from
0.01 to 0.5. Accordingly, the order of the parameter ni is inevitably
determined.
2.4. Theory of critical current density dependence on temperature
In this section, we derive the dependence of the critical current
density on temperature.
In zero-magnetic-ﬁeld conditions, the critical current is
jc0 ¼ env; ð45Þ
where n denotes the concentration of Cooper pairs, which is propor-
tional to the Fermi energy EF.
From Eq. (1), EF is proportional to jDj2, and
jc0 ¼ ejjDj2m ð46Þ
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Substituting Eq. (6) into Eq. (46) the critical current density in
the absence of a magnetic ﬁeld is obtained. The critical current
density depends on the spin-energy gap:
jc0 ¼ je
hk
m
ðkBTcÞ2
2
1 2 T
Tc
log
NA
ni
  
: ð47ÞFig. 3-2. Temperature dependence of critical-current density (Y compound wire
tape).
Fig. 3-3. Temperature dependence of critical-current density (Bi-2223 wire tape).3. Results
3.1. Comparison of measurements for dependence of critical
temperature on doping
We compare the experimental results with the results of Eq.
(42), which represents the dependence of the critical temperature
on doping.
In Eq. (42), each parameter is given valid physical values, which
are listed in Table 1. The result is shown in Fig. 3-1.
The theory predicts that the doping concentration, which pro-
vides the maximum critical temperature, is approximately 0.18.
Note that the horizontal axis is ni=2NA (i.e.,
ni2
r ).
We ﬁnd that the calculated doping concentrations agree with
the measurements. Furthermore, for the valid physical parameters
values listed in Table 1, the theoretical critical temperature repro-
duces the empirical critical temperature. These parameters have
physical units and do not need to be determined by numerical
ﬁtting.
3.2. Comparison of theoretical values with experimental data for
dependence of critical-current density on temperature
We now compare theoretical and experimental critical-current
densities. The experimental data are from [9] to [11]. As shown in
Fig. 3-2–3-4, the theoretical results agree with the experimental
data.4. Discussion
The parameter ni in the critical temperature equation gives the
lattice concentration. Over time, as the concentration NA increases,
ni becomes equal to 2NA (i.e., ni=ð2NAÞ ¼ 1). At this time, supercon-Table 1
Parameters in the critical temperature equation.
Coherence n 1.0 (nm)
Debye temperature hD 125 (K)
Forbidden band gap EG0 9.5 (eV)
Number of layer nq 3
Fig. 3-1. Dependence of critical temperature on doping.
Fig. 3-4. Temperature dependence of critical-current density
HgBa2Can1CunO2nþ2þd .ductivity vanishes by considering Eq. (41), but spin-up and spin-
down holes are located on lattice sites, all of which have two holes.
This implies that, although this state is an insulator, the Fermi en-
ergy equals the valence potential EV (i.e., the state is also a metal).
Therefore, this state is a Mott insulator. Considering the character-
istics of a Mott insulator, signiﬁcant energy is necessary to create
an electron–hole pair. Thus, it is reasonable to consider that the
band gap is large, as given in Table 1. Furthermore, high-tempera-
S. Ishiguri / Results in Physics 3 (2013) 74–79 79ture superconductors are mechanically fragile, and the interactions
between molecules are relatively weak. This implies that the De-
bye temperature is also relatively small, as listed in Table 1.
5. Summary
In this study, we discussed the mechanism of high-temperature
superconductivity and the temperature dependence of critical cur-
rent density. The theoretical value that we obtained for doping,
which provided the maximum critical temperature, agreed with
the experimental value. The critical temperature equation involved
a spin-energy gap and the concept of an attractive force between
pairs of holes. All parameters employed in the critical temperature
equation had physical meaning and units, i.e., no numerical ﬁtting
parameters were required. Utilizing these physically realistic
parameter values in our theory gave the critical temperature that
was experimentally obtained.
The critical current equation was derived using the abovemen-
tioned spin-energy gap and yielded results that agreed with exper-
imental results.
We claim that a simple supposition can describe high-tempera-
ture superconductors. Ideally, the theory should not be too com-plex or too mathematical, and occasionally it is necessary to
reconsider basic physics concepts and methods. Complex mathe-
matical calculations that are not accompanied by experimental
validation and are not consistent with realistic physical represen-
tations do not constitute a new discovery. Theory with a new dis-
covery should be simple and clear.
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